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In the Argentine hyperinflations of 1989 and 19§@asi-fiscal deficits were a major part of
the problem. The Central Bank’s quasi-fiscal atiigi are financed directly by money
printing but in some cases the monetary authoriigg tto sterilize the effect on the money
supply by issuing debt or by increasing reserveilireqents (it is not uncommon to pay
interest on reserves when this happens). Thuswasoarce of quasi-fiscal deficit arises,
i.e. the interest payments on the Bank’s liabdit/hen nominal interest rates are high and
debt reaches unsustainable levels, the intereshgatg can take a life of their own leading
to hyperinflation. The traditional explanation st the Central Bank has to finance the
quasi-fiscal deficit through the use of the infbatitax but as inflation increases money
demand drops and there is a limit to how much regenan be collected which is
determined by a Laffer curve. Trying to financeuasj-fiscal deficit beyond that limit (or
any fiscal deficit for that matter) leads to hypdation. In this paper we demonstrate that
very high inflation can arise even if money demasgerfectly inelastic with respect to
inflation and the real value of interest paymestselatively low. The key insight is that if
expected inflation is a function of the currentstaf the economy the Central Bank has an
additional incentive to alter the future state whiesults in higher inflation today.
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The Plan Bonex consisted of a mandatory exchanggemiand deposits and
public debt for Bonex 1989The objective pursued by this measure was the
elimination of the interest bearing nominal liab@és (reserve requirements,
unavailable deposits and special deposits) to exatei the quasi-fiscal deficit.

It must be noted that it did not intend to liquate BCRA"s debt with banks,
but to raise the average maturity of this debt ides to regain control of the
money supply.

Memorias del Banco Central de la Republica Argemtitp89.

2 Demand deposits (and the reserve requirementdtiginated) were denominated in Argentine pesos and
had very short maturities (between one day and week in most cases). The Bonex 89 were dollar
denominated 10 year bonds.



1) Introduction.

In the Argentine hyperinflations of 1989 and 19§0asi-fiscal deficits were a major part of
the problem as shown in Almansi and Rodriguez (199@d Rodriguez (1993). By quasi-
fiscal deficit we mean the losses incurred by tleat€al Bank (CB) that are originated by
guasi-fiscal activities which monetary authoritesmetimes undertake and go beyond the
basic provision of high power money through opemketapurchases of foreign currency or
government bonds. Quasi-fiscal activities take msingpes and colors and how they are
conceptually defined and measured is a whole a#isere in itself that goes beyond the
scope of this paper. Some examples are bailoyisldic and private institutions, insurance
schemes on deposits and exchange rates, dire@hdetadprivate and public enterprises at
subsidized rates, etc. For a more thorough disonssi the issue see Blejer and Cheasty
(1991).

Quasi-fiscal activities are financed directly by mag printing but in some cases the CB
tries to sterilize the effect on the money suppyyisgsuing debt or by increasing reserve
requirements (it is not uncommon for the CB to paterest on reserves when this
happens). Thus, a new source of quasi-fiscal defi@es, i.e. the interest payments on the
CB’s liabilities. When nominal interest rates arghhand the CB’s debt reaches
unsustainable levels, the interest payments cae takKife of their own leading to
hyperinflation. The traditional explanation is ththe CB has to finance the quasi-fiscal
deficit through the use of the inflation tax butiaflation increases money demand drops
and there is a limit to how much revenue can bkecigd which is determined by a Laffer
curve. Trying to finance a quasi-fiscal deficit bag that limit (or any fiscal deficit for that
matter) leads to hyperinflation.

In this paper we demonstrate that very high irdlatcan arise even if money demand is
perfectly inelastic with respect to inflation anldetreal value of interest payments is
relatively low. We show how this can happen whea @B follows a discretionary
monetary policy in which it tries to affect markexpectations. To do so we present a
model which captures the main features of the prab&t hand and find the equilibrium
under different institutional arrangements sinceegpected, the optimal policy is not time
consistent. We show that if the CB can commit fmagicular course of action, i.e. once a
policy is announced the monetary authority is tfeneed to follow it, then the optimal
policy does not impose a big cost in terms of tidla (at least when compared to previous
experiences from high inflation countries). If comment is not an option then
hyperinflation might be a very real scenario if noah liabilities reach levels of two times
the monetary base. We also show that in our mddsgktis room for a type of policy,
which we interpret as inflation targeting, in whitte CB announces a particular time path
for inflation. If market expectations are set adwogly then the CB has no incentive to
deviate from the preannounced target which impghes this “second best” policy is time
consistent.



The issue discussed in this paper is closely mbladethe literature on optimal taxation.
Lucas and Stokey (1983) describe the optimal targdroblem in a world without capital
and show how the optimal policy is time consistient real economy provided that the
debt structure is rich enough. They conjecture ttaisame result does not apply in general
to monetary economies. Alvarez, Kehoe and Neumg9604) show how the time
consistency of optimal policies can be extended wade range of monetary economies in
which the Friedman is optimal. A crucial assumptiontheir result is that initial nominal
liabilities are equal to zero. In their model unesied inflation has no welfare costs so if
nominal liabilities are not zero then the governtmeould inflate them away if they are
positive or use them to levy a lump sum tax if tlaeg negative. They conjecture that if
unexpected inflation has welfare effects then theessary conditions for time consistency
of the optimal policy are weaker. Their conjectiggroven right in Persson, Persson and
Svensson (2006) which shows that the optimal pakctiime consistent even if nominal
liabilities are positive but less than the monegEy.

The main differences with the previous literature: ave only model the behavior of the
CB and the inflation tax is the only source of finmg, the objective of the CB is not to
maximize social welfare but to minimize ad hocloss function similar to the one used in
Barro and Gordon (1983), and the CB can only isgsage money and nominal debt. We
also focus on the case where the nominal liatsliee greater than the monetary base.
Section 2 presents the model and finds the solutioder commitment. One solution
without commitment is presented in section 3 andsh@v how this particular equilibrium
can easily lead to very high inflation rates. St presents another equilibrium in the
continuous time version without commitment which Wnk is related to an inflation
targeting rule and we show how this equilibriumiis lower inflation rates. In section 5
we present numerical solutions to the models iti@e@, 3 and 4. Section 6 shows how the
solution with commitment is equivalent to an edurilim in which the CB’s debt is real,
we argue that a swap of nominal debt for real aeight be an adequate policy for a CB
that cannot commit. Section 7 summarizes the nesalts and concludes the paper.

(MORE LITERATURE TO REVIEW NICOLINI 1998 AND POTERB &
ROTEMBERG 1990).



2) TheModd.

At time t the CB has nominal liabilities(t) which consist of nominal dekb,(t), and the
monetary bas#f(t)3,

L(t) =D(t) + M(¢t).

We assume that the CB has no assets whatsoevér pEdod the CB has to pay interests
on the debt and transfer some money to the treaJingse expenses are financed by
printing new money or issuing new debt,

i(OD() +G(t) = M(t) + D(t)

wherei(t) is the nominal interest rate afdt) is the transfer from the CB to the treasury.
The transfer is a constant fractigrof the monetary base,

G(t) = gM(t).

The demand for base money grows at a constantaratdd and we assume that it is
perfectly inelastic with respect to the nominakneist rate, i.e.

M@
P

meat

where P(t) is the price level at. The nominal interest rate satisfies the Fisheraggn
which implies that the nominal interest is equaie real interest rate;, plus the expected
inflation rate,m¢(t) , i.e.

i(t) =7+ me(t).

Define the real value of nominal liabilities (normad to account for growth in the demand
for base money) as

L(t)

x(t) = P()e

With the information presented we can derive thedhmotion forx as

x(t) = (r —a+mé(t) — n(t))(x(t) -—m)— () +a—g)m

The first term is the real interest paymenti¢ subtracted because of our normalization)
which applies to the interest bearing part of tbenimal liabilities and the second term is
the revenue from the inflation tax net of transterthe treasury.

* A more general definition would be one in which thistinction is made among interest bearing litib#i
and non interest bearing liabilities.



We depart from the literature on optimal taxatignpgmstulating anéd hocloss function
for the CB which is similar to the one used in Bat®83 but without the term that captures
the effect of unemployment. The CB’s loss functidassumed to be of the fotm

+o0
(t)?
C=f e_pt%dt.

0

We impose the following restriction on the paramete
O0<p<r-—a;

if the real interest rate is greater than the sdithe discount and growth rates then real
value of nominal liabilities would grow indefinitebr until some upper bound is reached.

a) Commitment in Continuous Time.

Assume that the CB has a mechanism that allows @tnmit to a policy announced at
t = 0. Givenx(0) the CB’s problem is to minimize its loss funct&rbject t3

x(@) = —-a)x@®) —m)—@®) +a—g)m

which is the law of motion fox(t) once we account for the fact that agents haveraiti
expectationsyté(t) = m(t) and it can commit to follow the optimal plan annoed at
t =0 in all subsequent periods> 0. The Hamiltonian for the optimal plan with
commitment is then given by

2
H=%+A[(r—a)(x—m)—(n+a—g)m].

The conditions for an optimum are
T = Am,
A=lp—A0r —a),
together with the law of motion far and the transversality condition
%1_{510 e PEA()x(t) = 0.

From the first two conditions we get

*It is straight forward to include an inflation tatg7 # 0 so that the loss function is expressed in terms of
n(t) — . We could also include a “one time” only penaltyallow for a discrete jump in the price level at
t=0.

> We also need to impose a borrowing limit to rulé Banzi schemes. This limit can be arbitrarily Esp

that it never binds in equilibrium.



T=(p+a—71m,

so the optimal path is described by system of tnealr differential equations
nl_[pta—r1 0 T [ 0 ]
[x]_[ —-m r—a] [x]+ (g—r)m

with steady state values” = 0 andx™ = (%) m. The characteristic roots arg: = p +

a—r <0 ande, =r —a > 0. The initial value ofc is given and the initial value af has
to be chosen so that the system converges to Haalyststate(x*,7*). The complete
solution is then given by

e~ (r—a-pt

n® = @0 - @) - p X

and
x(t) = (x(0) — x*)e~ =@, 4 x*,
Whena = g = 0 the solution can be expressed as

n(t)m = 2r — p)(x(t) — m).

On the left hand side we have the revenue fronintfetion tax. On the right hand side we
have the interest bearing part of nominal liata$tix(t) — m, multiplied by2r — p which

is equal to one interest paymentroplus one capital payment of— p. The loss function
for the CB givernx(0) = x is

C(x) =

2r—a) —p (x - x*)zl

2 m

Higher nominal liabilities lead to more inflatiomtithe relationship is linear which implies
that in general one would need very high levelglaft in order to get very high inflation
rates.

b) Commitment in Discrete Time.

In discrete time the CB starts perioavith nominal liabilitiesL;_; which are given by the
sum of the monetary base and debt issued-at

Ly 1 =M1+ Dpyq.

The CB has to pay this liabilities and transfeoteseG, the treasury by printing money or
issuing new zero coupon bonds with prig1 + i;),



D,
1+,

Lt—l + Gt = Mt +
wherei, is the nominal interest rate between periodadt + 1 and it is determined by the
real interest rate and the expected inflation betweeandt + 1,

1+i,=A+r)A +7mi).

The money demand function# /P, = (1 + a)!m and as before we assume that transfers
are proportional to the monetary bagg,= gM,. Define the real value of nominal
liabilities (normalized to account for growth) as

_ L
=P+ a)
and express the CB budget constraint as
X¢— m X
= —m+g+ -

A+r)(+a) A+i) (A+i)

The CB loss function from inflation is now

+o0 2
Ty
=Y g
B 2
t=0

To find the solution with commitment in this simgase we can either solve the sequential
problem in which we substitutef, ; with .., or we can set up a recursive problem which
for all t > 1 has two state variables: the previous period valle of nominal liabilities
and a promised inflation rate. In this case theiagh@ariables are real value of nominal
liabilities and a promised inflation far+1. Fort = 0 the only state variable is the real
value of nominal liabilities inherited from= —1 since there is no initial promise to keep
from the past. Let’s follow the latter approach.

Suppose that at periad- 1 the CB made a promised about pertadflation which it has
to keep. This promise together with the real vatiaominal liabilities,x,_,, are the state
variables at. The CB’s problem at is to determine the end of period nominal liaksit
and make a new promise about future inflation

. 2 .
C(x,m) = min {— + BC(x', n’)}
x| 2

subject to

X m B x’
A+md+a) " 9%aipa+m) ad+na+m)




In the initial period(t = 0) there is no promise to keep so the problem is
2 .
C(x) = min {— + BC(x, n')}
x| 2

subject to the same budget constraint as the preyamblem. The continuous time version
of the model is a linear quadratic optimizationkgeon so we will solve the discrete time
version using a linear quadratic approximation. Te¢ails are provided in the appendix
together with a description of the sequential perabhnd its solution.

3) No Commitment.

Now we study the case in which the CB has no tdolgyothat allows it to commit to a
predetermined course of action. First, we are gamgoncentrate in the one in which
expectations are formed using the current realevafunominal liabilities as the only input.
Later we show that there is another equilibriurwinich expectations are a function of time
only and we discuss how this second equilibriumhiize interpreted as an inflation target.
Existence of other equilibriums is not discarded. iA the case with commitment we
present the continuous and discrete time versibtissanodel.

a) Nocommitment in Continuous Time.
We assume that expected inflation is a differemgidibnction of the real value of nominal
liabilities,
m°(t) = f(x(©)).

The CB knows this function and takes it as giveme Taw of motion for is
#(0) = (r—a+ f(x(®) =) (&) = m) = (2(6) + a« — g)m

The Hamiltonian is now

2

H=n7+/1[(r—a+f(x)—n)(x—m)—(n+a—g)m]

The optimality conditions are
T =Ax
A=p—Ar—a+fx)—m+ (x—-—m)f ()]
together with the law of motion far and the transversality condition

%im e P A(t)x(t) =0



Let F(x; ) be the solution to the CB’s problem. An equilibriwith rational expectations
is defined as a policy functian(x; f) that satisfies

Fx; f) = f(x)

In general one would have to solve this problenmgisiome trial and error algorithm that
converges to the equilibrium. Fortunately sinceane working in continuous time we can
compute the equilibrium expectations together whikn CB’s policy function in one step.
We do so next. In equilibriurfi(x) = w so

/i=/1p—/1(r—a+ (x—m)f’(x))
and
x=-a)x—(@—-—gm-—mam.

Since we assumed théfx) is differentiable we can use the implicit functittreorem to
write

T
f(x)—;
as long ax # 0 which gives us
T
I—p—r+a—(x—m);

Combine this equation with the log-derivative widspect to time of first order condition
for o

+

NEYINGH
R =

Vs
Vs
to get the system of non linear differential equzdi given by

r—a)x—(r—-—gm—mm

— m
n_(r—a)x—(r—g)m—(2m—x)n[p_(r_g+ﬂ);]n

and the law of motion fat. The steady state is the same as in the caseantmitment




If we linearize the system around the steady statget that in a neighborhood ©f*, 7*)
the system behaves exactly as in the world in witiehCB can comnfit

T=—(r—a-—p)m,
x=-ax—(0—-—gm-—mam.
So, close to the steady state, we have

x(t) — x*

n(t) = 2 —a)—p)——

The complete solution can be worked out numerichityrunning the nonlinear system
backwards in time. The interesting feature of gotution is that it implies that(0) will
tend to infinity asx(0) gets arbitrarily close t@m. To see this let's look at the term that
appears in the denominatorrof This term is zero if

_r-—ax-(—-gm
B 2m —x ’

which implies that the locug = co has a vertical asymptote at= 2m. If x* < 2m this
vertical asymptote is upward sloping fof < x < 2m which implies that the equilibrium
path cannot cross it and the initial inflation ésded to diverge to infinity ag(0) tends to
2m. In this case the solution approximates a dis@ei@ of the interest bearing liabilities
for base money with a burst of inflation.d{0) > 2m then the CB that cannot commit is
forced to generate a discrete jump in the initratelevel so that it liquates the real value
of nominal liabilities.

b) No Commitment in Discrete Time.
As in the continuous time case we study the caséhioh
i = f(xe—q)-

The CB’s problem is to solve the following probleking the functiorf(-) as given
7'[2
Clx; f) = I)l}in{7+ ﬁC(x';f)}

subject to

X m x
G+mi+o 9 a0+ /®) A0+ /)

®As long agr — a)x — (r — g)m — (2m — x)m # 0.



Let

m=F(x;f)
and

x"=H(x; f)

be the policy functions that solve the previousbpem given that expectations are formed
using f(x). We define a Markov perfect equilibrium as a pafirfunctionsF(x; f) and
H(x; f) which solve the previous problem and satisfy

F(HQx; f); f) = f ().
Algorithm for numerical solution:
1. GivenC,(x) andf,(x) and solve
2
€,(x) = min {”— +Co (x')}
xm | 2
subject to

X m x
G+mi+o " 9T a0 @) A+n+f@)

Let F; (x) andH, (x) be the policy functions.
2. Compute
filx) = F1(H1(x))-
3. If max(||Cy(x) — Co()|; lIf1(x) — o)) < € then stop, otherwise sé€}(x) =
C:(x), fo(x) = fi(x) and go back to step 1.

4) Inflation Targeting in Continuous Time.

We now show that under no commitment there is amotbquilibrium in which
expectations are a function of time an@) which implies that fort > 0 they do not
depend on the current state of the econony). We think that this equilibrium, although
it is not sub game perfect, can be interpretechascanomy in which the CB announces an
inflation target over time. The target is a selfiing one since if the agents in the
economy believe in it then the CB has no incentivedeviate from that target. The
equilibrium is not sub game perfect since expemtatiare fixed at the equilibrium path
levels and do not adjust in off equilibrium paths.

Guess that expected inflation is a function of tiamelx(0) only, i.e.w®(t) = f(t,x(0)).
The CB knows this function and takes it as giveme Taw of motion for is



x(t) = (r —a+mé(t) — n(t))(x —-m)— (@) +a—g)m

The Hamiltonian is now

2
H=%+A[(r—a+ne—n)(x—m)—(n+a—g)m]

The optimality conditions are
T =Ax
A=lp—A0r—a+n®—n)
together with the law of motion far and the transversality condition
ll_r)lc}o e P A(t)x(t) =0

With rational expectations we have th&t= m so we get the following system of
differential equations:

1’T=[p—(r—g+ﬂ)%]n
and
x=r-a)kx-m-m@+a—g)m

which characterize the solution. The discrete twmesion of this model is solved in the
appendix.

5) Numerical Simulations.

The parameter values for the numerical simulatwinge continuous time model are the
following

Table 1: Parameter values.
T p a g m
0.05 0.01 0 0 1

For the discrete time version we compute the smiufor different period lengths: one year,
one month, one week and one day. The parametees/aluthe discrete models are set to
match the continuous time parameters, i.e.

.
Trreq = €780 — 1



where freq = {1,12,52,365} is the model frequency. All results are presented
continuously compounded rates and the CB’s losgifumis multiplied by a factor

P
freq® (1 —e freq)
p

A=

to make comparisons easier across models.

Figure 1 shows the policy function for the continsotime models with and without
commitment, and the inflation targeting model. B models with commitment and with
inflation targeting, inflation is almost a lineauriction of the real value of nominal
liabilities. For the particular parameter the wiitinflation rate is 9% for the case with
commitment and 11.1% for the case with inflatiomgéting whemx(0) = 2. This levels of
inflation might seem excessive for most developedntries but they well below average
inflation for Latin American economies. For the mbdithout commitment inflation tends
to infinity asx(0) - 2.

05 Figure 1: Policy Function (Continuous Time)
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Figure 2 shows the CB loss function for the threatiouous time models. For low to
medium levels of nominal liabilities the loss fbetCB is very similar for all three models,
but as the real value of nominal liabilities ingeaver 150% of the monetary base then the
loss without commitment grows very fast and terafinity asx(0) — 2. For the case



with commitment and the inflation targeting case thss for the central bank is very
similar even at very high levels of nominal liabds.

Figure 2: Loss Function (Continuous Time)
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We now present the same figures but for the disdiate models with different period
lengths. It should be noted that the policy funttsthown for the model with commitment
is valid fort > 1. For the initial periodt = 0, inflation is determined by a different policy
function which we show separately in Figure 11.uFgg 3 to 6 show the policy functions
for yearly, monthly, weekly and daily time lengthghile figures 7 to 10 show the CB’s
loss functions.

As expected, higher liabilities lead to higher atitbn (with and without commitment) and
the discrete time version of the model approxim#tescontinuous time solution for very
short time periods (a day or a week). But for langme periods the solutions are quite
different, especially for the case without committnen which the CB attempts to
manipulate expectations through the stock of nohtigailities. At first we thought that the
time period is also the duration of the one pebiodd that the CB issued this was capturing
a debt duration effect but it turns out that thgsniot the case since we can solve the
continuous time version of the model when the C8 dacess to perpetuities instead of one
period bonds and reach the same result.



Figure 3: Policy Function (Discrete Time, Freq = 1)
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Figure 5: Policy Function (Discrete Time, Freq = 52)
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Figure 6: Policy Function (Discrete Time, Freq = 365)
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Figure 7: Loss Function (Discrete Time, Freq = 1)

0.2

Commitment

0.18 I No Commitment /]

Inflation Targeting

0.16

0.14

012

C(x)

0.08

0.06

0.04

0.02

02 Figure 8: Loss Function (Discrete Time, Freq = 12)
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Figure

9: Loss Function (Discrete Time, Freq = 52)
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Figure 11 shows the period 0 policy function foe thodel with commitment. This policy
function is different from the policy function fail other periods since at= 0 the CB has
no promise to keep.

Figure 11: Period 0 Policy Function with
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We now present the time paths (price level, inflatand nominal liabilities) for the discrete
time model without commitment for different initiedvels of nominal liabilities. Figures 12
to 14 show the time paths for an initial level @inmnal liabilitiesx_; = 1.75. Figures 15
to 17 and Figures 18 to 20 show the time pathsafomitial levels of nominal liabilities
x_1 = 2.25 andx_; = 3 respectively.



Figure 12: Inflation Path
No Commitment in Discrete Time (x_1=1.75)
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Figure 13: Real value of Nominal Liabilties
No Commitment in Discrete Time (x_1=1.75)
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Figure 14: Price Level
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Figure 15: Inflation Path
No Commitment in Discrete Time (x_1=2.25)
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Figure 16: Real value of Nominal Liabilties
No Commitment in Discrete Time (x_1=2.25)
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Figure 17: Price Level
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Figure 18: Inflation Path
No Commitment in Discrete Time (x_1=3)
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Figure 19: Real value of Nominal Liabilties
No Commitment in Discrete Time (x_1=3)
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Figure 20: Price Level
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To summarize the results we present Table 2 thawshhe accumulated inflation over the
first year for each of the initial levels of nominkabilities for the model without

commitment.
Table 2: First Year Accumulated Inflation (Withdhdbmmitment)
X_q Freq = 1 Freq = 12 Freq = 52 Freq = 365
1.75 10% 17% 19% 20%
2.25 19% 50% 69% 82%
3.00 33% 132% 198% 230%
6) Real Debt

We now show that in the continuous time model th&ut®on with commitment is
equivalent to an equilibrium in which debt is fed debt is real the CB’s budget constraint

becomes

rP()d(t) + G(t) = M(t) + P()d(t).

whered(t) is the stock of real debt. Total liabilities ameemn by

” This result holds for the case in which money detrdmes not depend on the nominal interest rate.



L(t) = P(t)d(t) + M(¢t).
Substitute the second equation on the first orabtain.
r(L@) —M@®) +G(t) = M) + P(t)d(t)
The change in liabilities is now given by
L) = P@)d(t) + P(H)d(t) + M(t)

Use this and the assumption tiidt) = gM(t) to obtain

L) = +r@®)LE® -M®)+gM(®)

which implies that nominal liabilities increase base the CB has to pay interests on the its
debt (with the caveat that now nominal interestnpayts are not determined by the
expected inflation rate but by the actual inflatrate) and transfer resources to the treasury.
From here it is straight forward to get

(@) = —a)x@®) —m) - @) +a—g)m

which is the law of motion for the model with contment discussed in section 2. This
implies that if the CB cannot commit then it midig better off by swapping its nominal
debt for real debt. This is what Argentina did isd@mber 1989 when demand deposits at
commercial banks were exchanged for a 10 yearrdddiaominated bond call BONEX 89.
Although these deposits were a liability of theaficial system it should be noted that
average reserve requirements (in various formspeded 65% with marginal rates of
almost 90%. The CB paid interests on these resey@rements which were one of the
pillars of the quasi-fiscal deficit that fuelledethyperinflation.

7) Concluding Remarks

We presented a model in which the Central Banksfawaminal liabilities which are in
excess of the market’s demand for base money atitta price level. The CB then faces
the decision of when to monetize those nominalillisgs and the classic unpleasant
monetarist arithmetic from Sargent and Wallace {198cks in. This implies that the CB
can choose to issue debt to sterilize the excessnab liabilities which results in lower
inflation today at the expense of creating more inainliabilities in the future through
interest payments (quasi-fiscal deficit). We coneptite optimal solution for the CB in a
world in which the institution can commit to a siiecpolicy and find that for reasonable
parameter values the resulting inflation is notyvbeigh. Adding growth in the money
demand makes those numbers smaller. Adding tranBfem the CB to the treasury works
in the opposite direction. We also solve the madeh world in which the CB cannot

¥ See BCRA 1998 page 22.



commit and agents form their expectations ratignaking the real value of nominal
liabilities as part of their information set. Weoshthat in the continuous time version of
the model the instantaneous inflation rate tendsnfmity when the initial nominal
liabilities are two times the demand for base momeyhe discrete time version this result
does not hold anymore although for very short tpeeods the inflation rate grows very
fast with the initial level of nominal liabilitiegist like in the continuous time model. We
also show that in the case that the CB cannot coim@ie is another rational expectations
equilibrium that has much lower inflation. We irgeegt this equilibrium as one in which the
CB announces a time path for inflation. This pathime consistent in the sense that if the
agents come to expect the announced inflation ei€B has no incentive to deviate from
it. This equilibrium is not sub game perfect simogectations are fixed at the equilibrium
path levels and do not adjust in off equilibriunmhza
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9) Appendix A: Linear Quadratic Approximation for Discrete Time Model with
Commitment.

Rewrite the CB’s budget constraint as

Xt (1+r> Xt 1
= +(1+ -m) + ——
Tm, Gxa)Tem T ATDE@-—m+ 17—
Define
1
xt—l“
y, = 14 m,
=
1+m,
and
1 1
U

_1+nt+1_1+nt

The law of motion fory;, is the given by

[ Xt } 1 0 Ol xe1 0
PEE— 1+r 1 1
1+T[t+1 e _ 1+T[t _|_ < — )
l . 1+nr(g—-—m) Tt a m[ | J T T g
1+ mq 0 0 1 1+m
1 0 0
1+7r
A=|A+ng-m) 74—
0 0 1
0
B=|m
1

or
Ye+1 = Ay + Buy
The loss function can be approximated using a skooer Taylor expansion as
R(y,u) = y'Ry

where



1/2 0 -1/2
R=| 0 0 0
~1/2 0 1/2

Assume thay, is given. Then the problem has the form of anmoatilinear regulator.

C(o) = ¥o'Cyo = Z Bty:'Ry:
{Yt+1 ut}t 0

S.t.Ye41 = Ay, + Buy and y,
The Bellman equation representation is:

y'Cy = min{y'Ry + fy*'Cy*} s.t.y* = Ay + Bu
yu

which can be solved using standard methods. Fitfad\solution fory, is obtained from
the following problem

miny,' Cy, s.t.Ey, =D
Yo

where

E=o

and

b =[]
The Lagrangian is
L =y,Cyy+ 1 [D — Ey,]
The first order conditions are
Cyo—Eu=0
Eyo=D
5 o 10 = 15

and the solution is

(=15 1 L)



10) Appendix B: Sequential Formulation of the Discrete Time Model with
Commitment.

The Lagrangian for the sequential problem is

1+7\ x4 m
tt — -
L= zﬁ Zﬁt[ 1+7l't+1 <1+a>1+nt+(1+r)(g m)+1+nt+1

The first order conditions are

Form,

_A<1+r> X_q
To=%\1va (1 + my)?

form, (t = 1)

xt_l —m (1 +T) xt_l

"Myt Aoy 5 =
pm T +r)2 T\l +a) U+ 7,2

for x, (t = 0)

A _<1+r) Ats1
14+mey, \1+a/l+myy

And the law of motion fox, (t = 0)

Xt _ (1+r> Xe—1

= +(1+r)(g-m)+
Tt \Uta)igm T ATDE@-m

m
1+m4q

Evaluate the first order condition feg ats =t — 1

1 _(1+r))L
17 1+ a/t

And substitute in the first order condition foy

1+r
ﬁtﬂt(l +7Tt)2 = At <1 +a>m

What we getis for > 1

t
T[t(l + ﬂt)z =

To(1+m)?/ 1+a
X_q ((1 + r)ﬁ)

The value ofr, has to be chosen such thatdoes not explode and it converges to the
steady state.



Commitment policy function fot > 1

14+r
P (1+ T[t+1)2 1_|__a =m(1+ T[t)z

t =(1+r> T +(A+7r)(g—m)+

1+myq 1+a/1+m, 1+meyq



11) Appendix C: Sequential Formulation of the Discrete Time Model without
Commitment when nf,, = f(t,x_1)

The Lagrangian for the sequential problem is

+00 2 +00
T Xt 1+7\ x4 m
Ly e () e e
t_Oﬁ 2 +t_0 f[ T4, T\ ra)Tem T AT —m e
The first order conditions are

Form, (t = 0)

1+ r) Xt_1

to
'Bnt_lt(1+a 1+ m,)?

for x, (t = 0)

A _(1+r) Ars1
1+n8, \1+a/l+my,

And the law of motion fox, (t = 0)

xt :<1+r> i +(1+r)(g—m)+

1+nf,, \1+a/l+m 1+mnf,,

Under rational expectatiomg’,; = m;,,; SO we get

1+r

Bim (14 m)? = A, (“_—a> X1

which is the same as in the case with commitmettt thie crucial difference that the last
term multiplying on the right hand side of the etiprain this case ix;_; instead ofm.
The law of motion foil, is the same as before

1 _(1+0¢))L
t= 147/t

To solve the whole path forward:

1. Givenx;_, andm;: x, andm,,, solve:
Briepa (1 + meiq)? _ (1 + 05) Xt

(1 + 1,.)? 1+7r/) x4
Xt _(1+r> Xe—1 (4 )+
14+, \+a/l+m, A R =



2. Start withx_; and guess an initial value far,. Use the previous condition to
compute the whole path.
3. Try different values oft,.until you find one that converges to the steadtest

Or backwards:

1. Start close to the steady state and solve backw@rdenx, andm,,
Bree (1 +meyq)? _ (1 + 05) Xt

(1 + 1) 14+7r/) x4
1 _
1 +x1;t+1 - (1 IZ) 1xj- 1lrt A+ =m) +
Trm - 06w (57) =7
Xp_ 1+a b
1 j‘ 71Tt B [(1 +1r)plme, (1 -|f7-[t+1)2 me(1+me)
2. Solve quadratic equation fat,
- 1+ 1+
1x-t|- n::ll -+ - m)] (1 + f) - [(1 + ro)lﬁ 7tt+1(13-clf T41)? me(1+m)

3. Then computer;_,;. Go back to 1.



12) Appendix D: Perpetuity Debt

At time t the CB has nominal liabilities(¢t) which consist of nominal debf(t), the
monetary bas#f(t),

L(t) =q@)D(t) + M(t).

Debt is assumed to be in the form of a perpetlitit pays a constant flow of $1 each
period forever. The periadprice of one of these bondsgiét) which satisfies

o S .
00 = [ et
t

wherei(t) is the nominal interest rate. Each period the @B to pay interests on the debt.
These expenses are financed by printing new monisgoing new debt,

D(t) = M(t) + q(©)D (D).

We assume that the money demand is perfectly imelagh respect to the nominal interest
rate, i.e.

M@
PO

whereP(t) is the price level at. The nominal interest rate satisfies the Fisheaggn
i(t) =7+ me(t).

Define the real value of nominal liabilities as

_L@®

X(t) = m
LL D
p-1+dp

() LD

x:(l%q—n>(x—m)—mn

q(t) = f+°° exp [— f(r + ne(v))dv] ds



q(t) = j+°° exp [— j(r + ne(v))dv (r + ne(t))ds -1
t
t

q(t) = (r+m(®)q® — 1
1+ ¢ = (r+nm°®)q®)

With the information presented we can derive theddmotion forx as

x(t) = (r+me(t) — n(t))(x(t) — m) — n()m,

which is the same as before when we had one peabt



